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COHOMOLOGY OF HYPERFINITE BOREL ACTIONS
SERGEY BEZUGLYI AND SHREY SANADHYA
Abstract. We study cocycles of countable groups Γ of Borel automorphisms
of a standard Borel space (X,B) taking values in a locally compact second
countable group G. We prove that for a hyperfinite group Γ the subgroup of
coboundaries is dense in the group of cocycles. We describe all Borel cocycles
of the 2-odometer and show that any such cocycle is cohomologous to a cocycle
with values in a countable dense subgroup H of G. We also provide a Borel
version of Gottschalk-Hedlund theorem.
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1. Introduction
Let Γ be a countable group of Borel automorphisms of a standard Borel space
(X,B) and G an abelian locally compact second countable (l.c.s.c.) group. A Borel
map α : Γ ×X → G is called a cocycle if it satisfies the so called cocycle identity
for all (γ, x):
α(γ1γ2, x) = α(γ1, γ2x) + α(γ2, x), α(1, x) = 0, (1.1)
where 1 is the identity map and 0 ∈ G. A cocycle α(γ, x) is called a coboundary
if there exists a Borel function f : X → G such that α(γ, x) = f(γx) − f(x).
Two cocycles, α and β, are called cohomologous if α− β is a coboundary. The set
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Z1(Γ ×X,G) of all cocycles is an abelian group, and coboundaries B1(Γ ×X,G)
form a subgroup of Z1(Γ×X,G).
Cocycles play an important role in ergodic theory. They are studied up to null
sets: if Γ is a countable group of non-singular automorphisms of a standard measure
space (X,B, µ), then relation (1.1) must be true µ-a.e. Cocycles are widely used in
the theory of orbit equivalence of dynamical systems and in various constructions
(e.g., skew product) helping to classify dynamical systems and clarify the properties
of automorphism groups of a measure space. They are also one of the central
tools in the representation theory, theory of groupoids, classification of ergodic
actions of amenable and non-amenable groups, etc. Understanding the structure
of cocycles for a hyperfinite automorphism group (it is a group which is orbit
equivalent to a single transformation) led to a more detailed classification than
orbit equivalence [BG91], [GS87]. [Ham00]. We give here some principal references
which includes some pioneering works of Moore [Moo70], Ramsay [Ram71], [FM77],
Schmidt [Sch77, Sch90], Zimmer [Zim84]. (A more detailed list of papers devoted to
cocycles is too long to mention all crucial contributions to the theory of cocycles.)
It is well known that there are impressive parallels between ergodic theory and
Borel dynamics, though the fact that, for a Borel dynamical system, there is no
prescribed measure on the underlying space makes these two theories essentially
different. In this paper, we prove several results about cocycles in the context of
Borel dynamics. They are motivated by the existing counterparts in the framework
of ergodic theory. Our main setting is formed by a hyperfinite free Borel action Γ of a
countable group on a standard Borel space (X,B) and a cocycle α ∈ Z1(Γ×X,G) of
Γ with values in an abelian l.c.s.c. group G. More specifically, we define a topology
on the space of Borel functions (an analogue of the convergence in measure topology)
and prove that the set of coboundaries is dense in the set of all cocycles. Using
an exact formula that describes cocycles over an odometer, we prove that every
cocycle is cohomologous to a cocycle with values in a dense countable subgroup.
In addition, we give a criterion (a version of Gottschalk-Hedlund theorem) for a
cocycle with values in G to be a coboundary.
We remark that cocycles are not so well studied in Borel dynamics as in er-
godic theory. It is worth mentioning that various properties of Borel cocycles were
considered in the papers [Bec13], [CR09], [FM77], [Mil06], [Mil08], and some others.
The study of Borel cocycles is mostly motivated by the theory of orbit equivalence
of groups of Borel automorphisms. The property of orbit equivalence for groups of
Borel automorphisms is equivalent to isomorphism of the corresponding equivalence
relations generated by orbits. The notion of a countable Borel equivalence relation
(CBER) has been extensively studied in the descriptive set theory. This concept has
many applications in other adjacent areas. We refer to [BK96], [DJK94], [JKL02],
[Hjo00], [Kec95], [KM04], [Nad13], [Var63], and [Wei84], where the reader can find
connections of orbit equivalence theory with the descriptive set theory and further
references.
Our main results about cocycles are of the following nature. Firstly, it is not
hard to see that orbit equivalent groups of Borel automorphisms have isomorphic
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groups of cocycles and coboundaries and therefore the cohomology groups. This
means that the study of cocycles is naturally reduced to the the case when co-
cycles are considered on some “model” CBERs. In this connection, two types of
dynamical systems are of crucial importance: odometers and shifts. The classifi-
cation of hyperfinite CBERs up to isomorphism was a significant achievement due
to Dougherty-Jackson-Kechris [DJK94]. They proved that the complete invariant
of isomorphism of hyperfinite CBERs is the cardinality of the set of invariant mea-
sures. Odometers represent CBERs with a unique probability invariant measure.
In Section 5, we give an explicit formula for cocycles of the 2-odometer. Our proof
follows the approach used in [Gol69] and [GS87] for measurable dynamical systems.
Another key result about cocycles in ergodic theory states that coboundaries of
a non-singular group of automorphisms Γ ⊂ Aut(X,B, µ) are dense in the group
of all cocycles if Γ is hyperfinite, see e.g., [PS77] and [Sch90] for a proof. Here
the set Z1(Γ ×X,G) is endowed with the topology of convergence in measure. In
Borel dynamics we do not have a prescribed measure on (X,B). Hence, to define an
analogue of the topology of convergence in measure, we have to work with all Borel
probability measures. (Our approach is similar to that used in [BDK06] where an
analogue of the uniform topology on Aut(X,B) was defined). In Sections 3 and 4,
we consider topological properties of Z1(Γ×X,G) and prove that coboundaries are
dense in Z1(Γ×X,G) if Γ is hyperfinite.
Gottschalk and Hedlund (see [GH55, Theorem 4.11]) provided a criterion for de-
termining when a bounded cocycle of a minimal homeomorphism of compact space
is a coboundary. It was extended to minimal homeomorphisms of non-compact
topological space in [Bro58]. It is a well know fact that every Borel automorphism
admits a continuous model, i.e., it is Borel isomorphic to a homeomorphism of a Pol-
ish space. Using this model we extend the Gottschalk-Hedlund theorem to bounded
Borel cocyles (taking value in an abelian l.c.s.c group) of minimal homeomorphisms
of Polish space (see Theorem 6.1).
The outline of the paper is as follows. In Section 2, we provide basic definitions
and preliminary results about groups of Borel automorphisms and cocycles. In
Section 3, we define a topology on the space of G-valued functions and discuss
properties of this topology. We show that the group of cocycles of a hyperfinite
group of automorphisms is a separable Hausdorff topological group. In Section 4,
we prove the main result stating that for a hyperfinite Borel action the subgroup
of cobouandries is dense in group of cocycles with respect to the topology defined
in Section 3. We study cocycles of the 2-odometer in Section 5. In Section 6, we
prove the Borel version of Gottschalk-Hedlund Theorem.
Notation and Terminology: Here are a few remarks about the exposition of our
results in this paper. Firstly, we prefer to use the terminology which is traditional
for dynamical systems in ergodic theory. This means that our principal objects are
countable groups of Borel automorphisms not equivalence relations. But we also
use the language of CBERs when it is convenient. Secondly, we are aware that some
results can be reproved for cocycles with values in non-abelian l.c.s.c. groups, for
example, those in 5. We work with abalian groups to avoid technical complications.
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Throughout the paper, we use the following notation:
• (X,B) is a standard Borel space with the σ-algebra of Borel sets B = B(X).
• A one-to-one Borel map T of space (X,B) onto itself is called a Borel au-
tomorphism of X. In this paper the term "automorphism" means a Borel
automorphism of (X,B).
• Aut(X,B) is the group of all Borel automorphisms of X with the identity
map I ∈ Aut(X,B).
• A countable subgroup Γ of Aut(X,B) is called a group of Borel automor-
phisms. The full group generated by Γ is denoted by [Γ].
• M1(X) is the set of all Borel probability measures on (X,B).
• E(S, T ) = {x ∈ X | Tx 6= Sx} ∪ {x ∈ X | T−1x 6= S−1x} where S, T ∈
Aut(X,B).
2. Preliminaries
In this section we provide the basic definitions from Borel dynamics and descrip-
tive set theory.
2.1. Automorphisms of standard Borel space. Let X denote a complete sep-
arable metric space (also known as a Polish space), and let B be the σ-algebra
generated by the open sets in X. Then the pair (X,B) is called a standard Borel
space.
A countable subgroup Γ of Aut(X,B) is called a Borel automorphism group. In
this paper we focus only on countable Borel automorphism groups. Let G be a
countable group with identity e. Suppose that, for g ∈ G, a map ρg : X → X
is a Borel automorphism such that (i) ρgh(x) = ρg(ρh(x)) and (ii) ρe(x) = x for
every x ∈ X. Then ρ(G) is called a Borel action of the group G on (X,B) and
denoted sometimes G y (X,B). Clearly, ρ(G) = {ρg : g ∈ G} ⊂ Aut(X,B) is
a countable subgroup. If, for some x ∈ X, the relation ρg(x) = x implies g = e,
then ρ is called a free action of G. In this case, we have an injective group ho-
momorphism ρ : g → ρg(x) : G → Aut(X,B). We note that every Borel auto-
morphism T ∈ Aut(X,B) defines a Borel action of the group Z by the formula
Z ∋ n 7→ T n ∈ Aut(X,B).
Countable Borel equivalence relation (CBER): An equivalence relation E on
(X,B) is called Borel if it is a Borel subset of the product space E ⊂ X × X.
It is countable if every equivalence class [x]E := {y ∈ X : (x, y) ∈ E} is countable
for all x ∈ X. If C is a Borel set, then [C]E denotes the saturation of C with
respect to the equivalence relation E, i.e., [C]E contains the entire class [x]E for
every x ∈ C.
For a countable subgroup Γ of Aut(X,B), we denote
EX(Γ) = {(x, y) ∈ X ×X : x = γy for some γ ∈ Γ}.
Then EX(Γ) is called the orbit equivalence relation generated by the group Γ on
X. Clearly, EX(Γ) is a CBER. An equivalence relation E is called aperiodic if
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every E-class [x]E is countably infinite. In contrast, finite [E]-classes will be called
periodic. Similarly, a Borel automorphism P is called periodic at a point x if there
exists k ∈ N such that P kx = x. The least such k is called the period of P at x.
It turns out that all CBER’s are generated by group automorphisms.
Theorem 2.1 (Feldman–Moore [FM77]). Let E be a countable Borel equivalence
relation on a standard Borel space (X,B). Then there is a countable group Γ of
Borel automorphisms of (X,B) such that E = EX(Γ).
A Borel set B is a complete section for an equivalence relation E on (X,B) if
it intersects every E-class, i.e., [B]E = X. If a complete section intersects each
E-class exactly once then it is called a Borel transversal. An equivalence relation
E which admits Borel transversal is called smooth. Equivalently, one can say that
an equivalence relation E on a standard Borel space (X,B) is smooth if there
is a Borel function f : X → Y , where Y is a standard Borel space, such that
(x, y) ∈ E ⇐⇒ f(x) = f(y). We remark that in this paper we will deal only non-
smooth CBERs. See [Kec19] for a survey of the state of the art in the theory of
countable Borel equivalence relations.
Definition 2.2. Let Γ be a countable automorphism group acting on (X,B). We
will denote by CΓ the collection of Borel subsets C such that C and X \C both are
complete section for EX(Γ).
Full group of automorphisms. For a countable subgroup Γ of Aut(X,B), we
denote by Γx the orbit {γx : γ ∈ Γ} of x with respect to Γ. We say that Γ is a free
group of automorphisms if γx 6= x for every γ 6= e and x ∈ X.
The set
[Γ] = {R ∈ Aut(X,B) : Rx ∈ Γx, ∀x ∈ X}
is called the full group of automorphisms generated by Γ. The full group generated
by a single automorphism T ∈ Aut(X,B) is denoted by [T ].
Let Γ ⊂ Aut(X,B) be a freely acting group of automorphisms of a standard Borel
space (X,B). Then, for every R ∈ [Γ], there exists a Borel function γR : X → Γ
such that Rx = γR(x)x, x ∈ X. It follows that every R ∈ [Γ] defines a countable
partition of X into Borel sets Aγ = {x ∈ X : γR(x) = γ}, γ ∈ Γ. Conversely, if
{Aγ} is a partition of X, such that {γAγ} also constitutes a partition of X, then
the map Rx = γx, x ∈ Aγ , defines an element of [Γ]. In case when Γ is generated
by a single automorphism T , the same construction holds, and every R from [T ] is
represented in terms of piecewise constant functions x 7→ nR(x).
A countable subgroup Γ of Aut(X,B) is called hyperfinite if Γx =
⋃∞
i=1 Γix
for every x ∈ X, where each Γi is a finite subgroup of [Γ] and Γi ⊂ Γi+1 for
all i. Equivalently, a countable Borel equivalence relation E is called hyperfinite
if E =
⋃
nEn where En ⊂ En+1 for all n, where each En is a finite Borel sub-
equivalence relation of E.
Let Γi be a countable subgroup of Aut(Xi,Bi), i = 1, 2. The groups Γ1 and
Γ2 are called orbit equivalent (denoted o.e.) if there exists a Borel isomorphism
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ϕ : (X1,B1)→ (X2,B2) such that ϕΓ1x = Γ2ϕx, ∀x ∈ X1. Equivalently,
ϕ[Γ1]ϕ
−1 = [Γ2].
If EX(Γ) is the equivalence relation generated by a free action of Γ, then the orbit
equivalence of Γ1 and Γ2 is equivalent to the isomorphism of EX1(Γ1) and EX2(Γ2).
We refer readers to [DJK94] for the classification of hyperfinite aperiodic CBER
with respect to orbit equivalence.
Theorem 2.3 (Slaman-Steel [SS88], Weiss [Wei84]). Suppose E is a CBER. The
following are equivalent:
1. E is hyperfinite.
2. E is generated by a Borel Z-action.
Definition 2.4. Let G be a countable group. We assume that it is residually finite
i.e. there is a decreasing sequence of subgroups {Gn}
∞
n=0 of finite index in G, with
intersection just the identity element. Consider the inverse limit
X = lim
←n
(G/Gn, πn).
The topology on X is generated by the clopen sets {x ∈ X : xi = gi}, where
gi ∈ G/Gi. With this topology X is a Polish group and we can consider a standard
Borel space (X,B). The group G acts by Borel automorphism on (X,B) by left
multiplication, i.e., the action is defined by g·{xi} := {gxi}, where g ∈ G and {xi} ∈
X. The dynamical system (X,G) is called G-odometer or, simply, an odometer.
We refer interested readers to [GNS00] and [Nek05] for detailed discussion. In
section 5 we will work with Z2-odometer. For brevity we will call it 2-odometer. In
other words, the 2-odometer is the shift on the group
∏
Z2.
2.2. Cocycles of Borel automorphism group. As above, let Γ be a countable
subgroup of Aut(X,B) acting freely, and let G denote a locally compact second
countable abelian group with identity 0 (we will use the additive group operation).
We remark that the assumption that G is an abelian group is made for convenience
and can be dropped in the following definitions.
Definition 2.5. A Borel function a : Γ×X → G is called a cocycle over Γ if for
any elements γ1, γ2 ∈ Γ and all x ∈ X
a(γ1γ2, x) = a(γ1, γ2x) + a(γ2, x) (2.1)
and
a(1, x) = 0 (2.2)
where 1 denotes the identity map. The set of all cocycles of Γ is denoted by
Z1(Γ×X,G).
A cocycle a : Γ×X → G is called a coboundary if there exists a Borel function
c : X → G such that
a(γ, x) = c(γx)− c(x), ∀γ ∈ Γ,∀x ∈ X. (2.3)
The set of all coboundaries of Γ is denoted by B1(Γ×X,G).
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Cocycles a1, a2 : Γ×X → G are called cohomologous (a1 ∼ a2) if their difference
is a coboundary, i.e., if there exists a Borel function c : X → G, such that
a1(γ, x) = c(γx) + a2(γ, x) − c(x). (2.4)
Sometimes it is useful to define cocycles over an equivalence relation as described
below.
Definition 2.6. Let E be a CBER. A Borel function u : E → G is an orbital
cocycle over E if for every (x, y), (y, z), (x, z) ∈ E
u(x, z) = u(x, y) + u(y, z). (2.5)
An orbital cocycle is a coboundary if there exists a Borel function c : X → G such
that for (x, y) ∈ E
u(x, y) = c(x)− c(y). (2.6)
As before, two orbital cocycles are cohomologous if their difference is a coboundary.
Remark 2.7. Let Γ be a freely acting countable group of automorphisms. Given
any cocycle a ∈ Z1(Γ×X,G), define a function ua : EX(Γ) → G by the following
rule: for any pair (y, x) ∈ EX(Γ) determine unique γ ∈ Γ such that y = γx and
then set
ua(y, x) = a(γ, x). (2.7)
Since Γ is free, ua is well-defined. It is clear that ua satisfies (2.5), hence it is an
orbital cocycle. Moreover, ua is a coboundary if and only if a is a coboundary.
Conversely, every orbital cocycle of EX(Γ) defines a cocycle of Γ.
Remark 2.8. Let T be an automorphism of (X,B) which determines an action of
the group Z. Every Borel function f : X → G with values in the group G defines
a cocycle a : Z×X → G by the formula
a(j, x) =


f(x) + f(Tx) + ...+ f(T j−1x), j ≥ 1
0, j = 0
−f(T−1x)− f(T−2x)− ...− f(T jx), j ≤ −1,
(2.8)
Conversely, if a : Z × X → G is a cocycle of the group {T n, n ∈ Z}, then it is
completely determined by the function f(x) = a(1, x). Moreover, the properties of
the cocycle a(j, x) are represented in terms of the function f .
Remark 2.9. If a : Γ × X → G is a cocycle of a freely acting countable group of
automorphisms Γ, then it can be extended to a cocycle â over the full group [Γ].
Indeed, for R ∈ [Γ] take the uniquely determined function x 7→ γ(x) such that
Rx = γ(x)x. Then we set
â(R,x) = a(γ(x), x), x ∈ X.
It can be easily seen that â coincides with a on elements of the group Γ, and â
satisfies the cocycle identity (2.1) and (2.2).
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2.3. Topologies on the group Aut(X,B). We will need the notion of convergence
of a sequence of Borel automorphisms. Recall that several topologies on Aut(X,B)
were defined and studied in [BDK06]. We will work with the so called uniform
topology τ whose origin lies in ergodic theory (see Introduction for the definition
of M1(X) and E(S, T )).
Definition 2.10. The uniform topology τ , on Aut(X,B) is defined by the base of
neighborhood V = {V (T ;µ1, ..., µn; ǫ)} where, T ∈ Aut(X,B), µ1, ..., µn ∈ M1(X),
ǫ > 0, and
V (T ;µ1, ..., µn; ǫ) = {S ∈ Aut(X,B) | µi(E(S, T )) < ǫ, i = 1, ..., n}. (2.9)
Remark 2.11. It can be seen that (Aut(X,B), τ) is a Hausdroff, topological group.
It is also relevant to mention that topology τ coincides with the topology τ ′,
which is defined by the base of neighborhood V ′ = {V ′(T ;µ1, ..., µn; ǫ)} where,
T ∈ Aut(X,B), µ1, ..., µn ∈M1(X), ǫ > 0, and
V ′(T ;µ1, ..., µn; ǫ) = {S ∈ Aut(X,B) | sup
F∈B
µi(TF ∆ SF ) < ǫ, i = 1, ..., n}. (2.10)
3. Topologies on the space of cocycles
For a standard Borel space (X,B) and an abelian l.c.s.c. group G, we denote by
F(X,G) the set of Borel functions f : X → G. Clearly, this set is an abelian group
under pointwise addition of functions. We will write simply F when X and G are
understood. Since G is metrizable, we will denote by | · | a translation invariant
metric on G compatible with the topology on G.
In this section we will define and study topologies on F(X,G) which are anal-
ogous to the topology of convergence in measure. For a countable group of Borel
automorphisms Γ ⊂ Aut(X,B), we will consider the subgroups of cocycles and
coboundaries in F(X,G). Our goal is to show that, for a hyperfinite group Γ,
coboundaries form a dense subgroup in the group of all cocycles.
Remark 3.1. Let Γ be a hyperfinite countable subgroup of Aut(X,B). Without loss
of generality, we can assume that Γ acts freely. Then Γ is orbit equivalent to a Borel
Z-action, i.e., there exists an automorphism T ∈ Aut(X,B), such that the orbits
Γ(x) coincide with those of the group {T nx, n ∈ Z}. For any two orbit equivalent
automorphism groups, their groups of cohomology are isomorphic (see Proposition
3.8 below). This means that, studying cocycles of Γ, it suffices to work with cocycles
of the group {T n : n ∈ Z}. The benefit of this fact is that we can explicitly write
down the formula for Z- cocycles as in (2.8). Hence (as was mentioned above),
every cocycle a : Z×X → G of {T n, n ∈ Z} is represented by a Borel function from
X to G.
In the following definition, we discuss several topologies on F(X,G) which are
analogous to the topology defined by convergence of measure.
Definition 3.2. The topologies τ1, τ2, τ3, and τ4 on F(X,G) are defined by their
bases of neighborhoods U , U ′,W andW ′, respectively, where U = {U(f ;µ1, ..., µn; ǫ, δ)},
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U ′ = {U ′(f ;µ1, ..., µn; ǫ)}, W = {W (f ;µ1, ..., µn; ǫ)}, W
′ = {W ′(f ;µ1, ..., µn; ǫ)},
and
U(f ;µ1, ..., µn; ǫ, δ) := {g ∈ F : µi({x : |f(x)− g(x)| > ǫ}) < δ,∀i = 1, .., n}, (3.1)
U ′(f ;µ1, ..., µn; ǫ) := {g ∈ F : µi({x : |f(x)− g(x)| > ǫ}) < ǫ,∀i = 1, .., n}, (3.2)
W (f ;µ1, ..., µn; ǫ) := {g ∈ F :
∫
X
min (|f(x)− g(x)|, 1) dµi < ǫ,∀i = 1, ..., n},
(3.3)
W ′(f ;µ1, ..., µn; ǫ) := {g ∈ F :
∫
X
|f(x)− g(x)|
1 + |f(x)− g(x)|
dµi < ǫ,∀i = 1, ..., n}. (3.4)
In the above definitions, we take f ∈ F(X,G), µ1, .., µn ∈ M1(X), ǫ, δ > 0, and
n ∈ N.
Theorem 3.3. All the topologies τ1, τ2, τ3, and τ4 from Definition 2.10 coincide
on the group F(X,G).
Proof. For the entire proof, we assume that i ∈ {1, 2, ...., n}. Also note that the
notation τj ⊂ τk, for topologies τj, τk, j, k ∈ {1, 2, 3, 4} , j 6= k, means that τk
is stronger than τj. Because our topologies are determined in terms of the bases
of neighborhoods, it suffices to check that the base for τk contains that for τj.
For example, τ1 ⊂ τ2, implies that for every f ∈ F(X,G) and a base element
U(f ;µ1, ..., µn; ǫ, δ) of τ1 containing f , there exists a base element U
′(f ;µ1, ..., µn;κ)
of τ2 such that U
′(f ;µ1, ..., µn;κ) ⊂ U(f ;µ1, ..., µn; ǫ, δ).
(1) τ1 coincides with τ2 on F(X,G):
Clearly, for δ = ǫ, we have τ2 ⊂ τ1. To prove the converse, we will show, as men-
tioned above, that for a base element U(f ;µ1, ..., µn; ǫ, δ) ∈ U , there exists a base
element U ′(f ;µ1, ..., µn;κ) ∈ U
′ such that U ′(f ;µ1, ..., µn;κ) ⊂ U(f ;µ1, ..., µn; ǫ, δ).
If 0 < ǫ < δ, take κ = ǫ, and we are done, since for ǫ < δ, U ′(f ;µ1, ..., µn; ǫ) ⊂
U(f ;µ1, ..., µn; ǫ, δ).
Now assume that 0 < δ < ǫ. Then take κ = δ and show that U ′(f ;µ1, ..., µn; δ) ⊂
U(f ;µ1, ..., µn; ǫ, δ). To see this, take any function g ∈ U
′(f ;µ1, ..., µn; δ) and note
that 0 < δ < ǫ implies
{x : |f(x)− g(x)| > ǫ} ⊂ {x : |f(x)− g(x)| > δ}.
Thus for all i, we have
µi({x : |f(x)− g(x)| > ǫ}) ≤ µi({x : |f(x)− g(x)| > δ}) < δ.
Hence g ∈ U(f ;µ1, ..., µn; ǫ, δ) as needed.
(2) τ1 coincides with τ3 on F(X,G) :
First we show that τ3 ⊂ τ1. We need to verify that, for any neighborhood
W (f ;µ1, ..., µn; ǫ) ∈ W, there exists a neighborhood U(f ;µ1, ..., µn; ǫ
′, δ) ∈ U such
that U(f ;µ1, ..., µn; ǫ
′, δ) ⊂W (f ;µ1, ..., µn; ǫ).
To see this, let ǫ′ = ǫ/4, and consider g ∈ U(f ;µ1, ..., µn; ǫ
′, δ), where δ > 0 will
be chosen later. Then, for all i, we have
µi({x : |f(x)− g(x)| > ǫ/4}) < δ. (3.5)
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We will prove that ∫
X
min (|f(x)− g(x)|, 1) dµi < ǫ. (3.6)
Choose a Borel set B such that
min (|f(x)− g(x)|, 1) =


|f(x)− g(x)|, x ∈ B
1, x ∈ X \B.
Define Q = {x ∈ B : |f(x)− g(x)| > ǫ/4}. Then, for all i,∫
B
|f − g| dµi =
∫
Q
|f − g| dµi +
∫
B\Q
|f − g| dµi.
Choose δ > 0, sufficiently small such that the condition µi(Q) < δ implies∫
Q
|f − g| dµi < ǫ/4.
For x ∈ B \Q, we have |f − g| ≤ ǫ/4. Since every µi is a probability measure, we
obtain ∫
B\Q
|f − g| dµi < (ǫ/4)µi(B \Q) < ǫ/4. (3.7)
Thus, for all i, we see that∫
B
min (|f(x)− g(x)|, 1) dµi < ǫ/2. (3.8)
Using (3.5) and choosing ǫ/4 < 1 and δ < ǫ/2 we get µi(X \ B) < ǫ/2. Therefore,
for all i, the following inequality holds∫
X\B
min (|f(x)− g(x)|, 1) dµi < ǫ/2. (3.9)
Relations (3.8) and (3.9) imply (3.6). This completes the proof of τ3 ⊂ τ1.
Now we prove that τ1 ⊂ τ3. We show that, for a base element U(f ;µ1, ..., µn; ǫ, δ)
∈ U , there exists a base elementW (f ;µ1, ..., µn;κ) ∈ W such thatW (f ;µ1, ..., µn;κ) ⊂
U(f ;µ1, ..., µn; ǫ, δ).
For this, let κ = ǫδ and let g ∈W (f ;µ1, ..., µn;κ). Then for all i, we get∫
X
min (|f − g|, 1) dµi < ǫδ. (3.10)
Assume, toward a contradiction, that g /∈ U(f ;µ1, ..., µn; ǫ, δ), i.e.,
µi({x : |f(x)− g(x)| > ǫ}) ≥ δ. (3.11)
Denote P = {x : |f(x)− g(x)| > ǫ}; then for all i,∫
X
|f − g| dµi ≥
∫
P
|f − g| dµi ≥ ǫδ.
which contradicts (3.10). Hence, we conclude that g ∈ U(f ;µ1, ..., µn; ǫ, δ) as
needed.
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(3) τ1 coincides with τ4 on F(X,G):
To see this, let K = {x : |f(x)− g(x)| > ǫ} and note that the equality
{x : |f(x)− g(x)| > ǫ} = {x :
|f(x)− g(x)|
1 + |f(x)− g(x)|
>
ǫ
1 + ǫ
} := K (3.12)
holds. We first show that τ1 ⊂ τ4. Let U(f ;µ1, ..., µn; ǫ, δ) ∈ U be a neighborhood
from τ1. Show that there exists a neighborhood W
′(f ;µ1, ..., µn;κ) ∈ W
′ such that
W ′(f ;µ1, ..., µn;κ) ⊂ U(f ;µ1, ..., µn; ǫ, δ).
Let κ =
ǫδ
1 + ǫ
and let g ∈W ′(f ;µ1, ..., µn;κ), then∫
X
|f(x)− g(x)|
1 + |f(x)− g(x)|
dµi <
ǫδ
1 + ǫ
, ∀i.
Relation (3.12) implies
ǫ
1 + ǫ
χK <
|f(x)− g(x)|
1 + |f(x)− g(x)|
χK <
|f(x)− g(x)|
1 + |f(x)− g(x)|
Hence,
µi(K) <
1 + ǫ
ǫ
∫
X
|f(x)− g(x)|
1 + |f(x)− g(x)|
dµi < δ.
which implies that g ∈ U(f ;µ1, ..., µn; ǫ, δ).
It remains to prove that τ4 ⊂ τ1. Show that for a neighborhoodW
′(f ;µ1, ..., µn; ǫ) ∈
W, there exists a basis element U(f ;µ1, ..., µn; ǫ, δ) ∈ U such that U(f ;µ1, ..., µn; ǫ, δ) ⊂
W ′(f ;µ1, ..., µn; ǫ). Take a function g ∈ U(f ;µ1, ..., µn; ǫ, δ), then
µi(K) = µi({x : |f(x)− g(x)| > ǫ}) < δ.
Choose δ such that δ <
ǫ2
1 + ǫ
, then we obtain for each measure µi∫
X
|f(x)− g(x)|
1 + |f(x)− g(x)|
dµi ≤
∫
K
|f(x)− g(x)|
1 + |f(x)− g(x)|
dµi +
∫
Kc
|f(x)− g(x)|
1 + |f(x)− g(x)|
dµi
≤ µi(K) +
ǫ
1 + ǫ
µi(K
c)
< δ +
ǫ
1 + ǫ
< ǫ.
Thus, g ∈W ′(f ;µ1, ..., µn; ǫ) as needed. 
Remark 3.4. Since the topologies τ1, τ2, τ3 and τ4, on F(X,G) coincide, we will
will use the notation T to denote them.
Theorem 3.5. F(X,G) is separable Hausdorff topological group with respect to the
topology T .
Proof. We denote by A = {Bi}i∈N the countable base for the space X which gen-
erates B. Recall that G is an abelian l.c.s.c group with identity 0. Let G0 be a
countable dense subgroup of G. Denote by αiχBi a function X → G which takes
the value αi ∈ G on the set Bi and is 0 everywhere else. Note that we refrain
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from using the term “characteristic function” as G is an additive abelian group with
identity 0 but the notion of multiplicative identity is not defined.
Consider the set S(X,G0) of all finite linear combinations of such constant func-
tions with values in G0, i.e., they can be described as piecewise constant functions
that take values from G0 on sets from the family A and are zero everywhere else.
We will call elements of S(X,G0) simple functions.
For notational purpose, we will denote such a function as follows
f(x) =
p∑
l=1
αlχBl(x)
where αl ∈ G0 and Bl ∈ A for l = 1, 2, ..., p.
We first observe that the set S(X,G0) is a countable subset of F(X,G). In what
follows we will show that S(X,G0) is dense in F(X,G) with respect to the topology
T .
For f ∈ F(X,G), consider a neighborhood of f
U(f ;µ1, ..., µn; ǫ, δ) = {g ∈ F : µi({x : |f(x)− g(x)| > ǫ}) < δ,∀i = 1, 2, .., n}
where µ1, ..., µn ∈ M1(X). To prove the result, it suffices to find an element from
the set S(X,G0) in U(f ;µ1, ..., µn; ǫ, δ).
Since f ∈ F(X,A) is a Borel function, there exists a sequence {sj}j∈N of simple
function taking value in G0 which converges pointwise to f . Again using the same
notation as above we denote sj as follows
sj =
m∑
k=1
αk,jχEk,j , j ∈ N.
where αk,j ∈ G0, ∀k = 1, 2, ...,m and Ek,j = {x ∈ X : sj(x) = ck,j,∀k}.
For the measure µ1, we use Egoroff’s theorem and find a Borel set F1 ∈ X such
that sj → f uniformly on F1, and µ1(X \ F1) <
δ
n
. (Note that this convergence is
uniform in the usual sense: for ǫ > 0 there exists N1 ∈ N, such that for all j > N1
and for all x ∈ F , |f(x) − sj(x)| < ǫ). Similarly, there exists a Borel set F2 ⊂ F1
such that the sequence (sj) converges uniformly to f on F2, and µ2(F1 \ F2) <
δ
n
. Repeating this process n times we obtain a Borel set F ⊂ X such that the
convergence sj → f is uniform on F , and, for i = 1, 2, .., n, we have µi(X \ F ) < δ.
Hence for any ǫ > 0 one can find some N ∈ N such that |f(x)−st(x)| < ǫ for t > N
and x ∈ F . In other words, µi({x : |f(x)− st(x)| > ǫ}) < δ}, i = 1, 2, ..., n.
This implies that, for t > N , the functions st =
∑m
k=1 αk,tχEk,t belong to
U(f ;µ1, ..., µn; ǫ, δ). Since this is true for any δ > 0, choose N such that for t ∈ N
we have st ∈ U(f ;µ1, ..., µn; ǫ,
δ
q
), where q is a positive integer to be chosen later.
It follows that
µi({x : |f(x)− st(x)| > ǫ}) <
δ
q
, i = 1, 2, ..., n.
COHOMOLOGY OF HYPERFINITE BOREL ACTIONS 13
In other words, we obtain that, for k = 1, 2, ..,m,
µi({x ∈ Ek,t : |f(x)− αk,t| > ǫ}) <
δ
q
, i = 1, 2, ..., n. (3.13)
where αk,t ∈ G0, k = 1, 2, ...,m and t > N .
Since each Ek,t is a Borel set, it can approximated by an open set, i.e., there
exists an open set O1k,t, ..., O
n
k,t such that
µ1(O
i
k,t ∆ Ek,t) <
δ
2q
, i = 1, .., n.
Define Ok,t =
⋂n
i=1O
i
k,t, then, for every i = 1, 2, ...n, one has
µi(Ok,t ∆ Ek,t) <
δ
2q
.
Each open set Ok,t is a countable union of base elements i.e. Ok,t =
⋃
i∈NBi,
where Bi ∈ A. Thus there exists a finite number, r(k, t) ∈ N such that for every
i = 1, 2, ...n,
µi
(( r(k,t)⋃
l=1
Bl
)
∆ Ok,t
)
<
δ
2q
. (3.14)
Let us denote by Ik,t the index set Ik,t = {1, 2, .., r(k, t)}. Thus, (3.14) implies that
µi
(( ⋃
l∈Ik,t
Bl
)
∆ Ek,t
)
<
δ
q
.
Since {
x ∈
( ⋃
l∈Ik,t
Bl
)
∆ Ek,t : |f(x)− αk,t| > ǫ
}
⊂
( ⋃
l∈Ik,t
Bl
)
∆ Ek,t,
we have
µi
({
x ∈
( ⋃
l∈Ik,t
Bl
)
∆ Ek,t : |f(x)− αk,t| > ǫ
})
<
δ
q
, i = 1, 2, ..., n. (3.15)
Now take q = 2m where m is as in the definition of sj above, then by (3.13) and
(3.15), we obtain
µi
({
x
(
∈
⋃
l∈Ik,t
Bl
)
: |f(x)− αk,t| > ǫ
})
<
δ
m
, ∀i = 1, 2, ..., n. (3.16)
Note that (3.16) is true for all m = 1, 2, ..., k. Let It =
⋃m
k=1 Ik,t, then
µi
({
x ∈
( ⋃
l∈Ik
Bl
)
: |f(x)− αk,t| > ǫ
})
< δ, i = 1, 2, ..., n. (3.17)
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Define the sequence of functions s′t, for t ∈ N, as follows
s′t(x) =


αk,t, x ∈ Bl, l ∈ Ik,t
0, x /∈ Bl, l ∈ Ik,t.
Then, by (3.17), we have
µi({x : |f(x)− s
′
t| > ǫ}) < δ, ∀i = 1, 2, ..., n. (3.18)
Relation (3.18) implies that s′t ∈ U(f ;µ1, ..., µn; ǫ, δ) for t > N . Therefore S(X,G0)
is dense in F(X,G), and F(X,G) is a separable space.
To prove the second part of the theorem, we will show that F(X,G) is a topo-
logical group with respect to the topology T . We will do it for the topology τ3 (see
Definition 3.2) because it is easier to work this topology. Note the following facts:
(i) W (f ;µ1, ..., µn; ǫ) = −W (−f ;µ1, ..., µn; ǫ).
(ii) W (f ;µ1, ..., µn; ǫ/2) +W (g;µ1, ..., µn; ǫ/2) ⊂W (f + g;µ1, ..., µn; ǫ)
Both (i) and (ii) are clear by the definition ofW (f ;µ1, ..., µn; ǫ) andW (g;µ1, ..., µn; ǫ).
It follows from (i) that the map f 7→ −f is continuous and (ii) implies that the
map (f, g) 7→ f + g is also continuous.
To see that F(X,G) is Hausdorff in the topology T , consider f, g ∈ F(X,G)
such that f 6= g. Then there exists x ∈ X,such that f(x) 6= g(x). We work with
topology τ1 and put µ1 = δx (the Dirac measure at x). Note that, for δ < 1, the
open set U (defined below) contains f but does not contain g:
U = {h ∈ F : δx({y : |f(y)− h(y)| > ǫ}) < δ}
For δ < 1, we get
U = {h ∈ F : δx({y : |f(y)− h(y)| > ǫ}) = 0}
Therefore x /∈ {y : |f(y)− h(y)| > ǫ} and g /∈ U . 
Proposition 3.6. Let Γ be a hyperfinite countable subgroup of Aut(X,B). The
group Z1(Γ×X,G) is closed in F(Γ×X,G), and it is a separable topological group.
To prove Proposition 3.6, we will show that if {an} ⊂ Z
1(Γ×X,G) is a sequence
of cocycles such that an → a in τ1, then a ∈ Z
1(Γ×X,G). For this, we will prove
the following lemma.
Lemma 3.7. Let {an} be a sequence of cocycles from Z
1(Γ×X,G). Then an → a
in the topology τ1 if and only if for every x ∈ X there exists n(x) ∈ N such that
an(x) = a(x) for all n > n(x).
Proof. As mentioned in Remark 2.8 the group Γ is orbit equivalent to a group
generated by a single automorphism {T n : n ∈ Z}. It gives us the possibility to
represent cocycles an as functions on X with values in the group G.
Assume now that an → a in τ1. Then, for every ǫ, δ > 0 there exists n(x) ∈ N
such that an ∈ U(a;µ1, ..., µp; ǫ, δ) for n > n(x) (here µ1, .., µp ∈ M1(X) as usual).
Fix x ∈ X and take µ1 = δx (the Dirac measure at x). Thus we have δx({y :
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|an(y)− a(y)| > ǫ}) < δ. For δ < 1 we get δx({y : |an(y)− a(y)| > ǫ}) = 0. Hence
x /∈ {y : |an(y)− a(y)| > ǫ} for all n > n(x). We conclude that an(x) = a(x).
Conversely, suppose that, for every x ∈ X, there exists n(x) ∈ N such that
an(x) = a(x) for all n > n(x). Define Xn = {x ∈ X : am(x) = a(x),∀m ≥ n},
n ∈ N. Note that Xn ⊂ Xn+1, and
⋃∞
n=1Xn = X. For every µ ∈ M1(X), we
see that µ(Xn) → 1 as n → ∞. Take a neighborhood U(a;µ1, ..., µp; ǫ, δ) and find
n0 ∈ N such that µi(Xn) > 1− δ for n > n0, i = 1, 2, ..., p. Note that, for all n ∈ N,
{x ∈ X : |an(x)− a(x)| > ǫ} ⊂ X \Xn.
Thus µi({x ∈ X : |an(x) − a(x)| > ǫ}) < µi(X \Xn) < δ. Hence, for n > n0, we
deduce that µi({x ∈ X : |an(x)− a(x)| > ǫ}) < δ as needed. 
Proof of Proposition 3.4. We switch back to considering an and a as functions
from Γ×X to G. Since an ∈ Z
1(Γ×X,G), an(γ1γ2, x) = an(γ1, γ2x) + an(γ2, x),
∀γ1, γ2 ∈ Γ.
For a fixed x ∈ X, let n0 = max{n(x), n(γ2x)}, then for n > n0, we have
an(γ1γ2, x) = a(γ1γ2, x),
an(γ1, γ2x) = a(γ1, γ2x),
an(γ2, x) = a(γ2, x).
Hence a(γ1γ2, x) = a(γ1, γ2x)+a(γ2, x), ∀γ1, γ2 ∈ Γ. Since we can do this for every
x ∈ X, a ∈ Z1(Γ×X,G). 
Proposition 3.8. Let Γi ∈ Aut(Xi,Bi), i = 1, 2, be two orbit equivalent countable
Borel automorphism groups. Then there exists a topological group isomorphism
ϕ˜ : Z1(Γ1 ×X1, A)→ Z
1(Γ2 ×X2, A) which carries coboundaries to coboundaries.
Proof. Since Γ1 and Γ2 are orbit equivalent, there exists a Borel map ϕ : X1 → X2,
such that ϕ[Γ1] = [Γ2]ϕ. Define ϕ˜ : Z
1(Γ1 ×X1, A)→ Z
1(Γ2 ×X2, A) as
ϕ˜ ◦ a1(γ2, x2) = a1(ϕ
−1γ2ϕ,ϕ
−1x2)
for a1 ∈ Z
1(Γ1 × X1, G) and (γ2, x2) ∈ Γ2 × X2. Then, ϕ˜ is an isomorphism by
definition. If a1 is a coboundary, a1(γ1, x1) = c(γ1x1)− c(x1), where c : X → G is
a Borel map.
ϕ˜ ◦ a1(γ2, x2) = a1(ϕ
−1γ2ϕ,ϕ
−1x2) = c(ϕ
−1γ2ϕ(ϕ
−1x2))− c(ϕ
−1x2)
is also a coboundary. 
Corollary 3.9. For a Borel automorphism group Γ of (X,B) the first cohomol-
ogy group H1(Γ × X,G) = Z1(Γ × X,G)/B1(Γ × X,G) is an invariant of orbit
equivalence.
Remark 3.10. In general, B1(Γ × X,G) is not closed in the topology described
above. Hence H1(Γ ×X,G) should be considered as an abstract group that does
not inherit the topological or Borel structure.
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Remark 3.11. Let Ctbl(X) be defined as the subset of Aut(X,B) consisting of all
automorphisms with countable support, that is
T ∈ Ctbl(X) ⇐⇒ E(S, I) is at most countable.
One can show that Ctbl(X) is a normal subgroup which is closed with respect
to the uniform topology, see (2.9) in Definition 2.10. Therefore Âut(X,B) =
Aut(X,B)/Ctbl(X) is a simple Hausdorff topological group with respect to the quo-
tient topology [BDK06]. Considering elements from Âut(X,B), we identify Borel
automorphisms which are different on a countable set. Topological properties of the
group Âut(X,B) are studied in [BM04]. It was shown that the quotient topology on
Âut(X,B) is in fact generated by neighborhoods V (T ;µ1, ..., µn; ε) where the mea-
sures µ1, ..., µn are taken from M
c
1(X), the set of all non-atomic Borel probability
measures on a standard Borel space (X,B).
Using a similar approach, we identify two functions f and g if they differ on at
most countable set. In other words, we define the quotient set F̂ with elements
ĝ = {g ◦ T : T ∈ Ctbl(X} where g ∈ F(X,B).Then one can show that the quotient
topology τ̂ on F̂ is defined by neighborhoods V (f ;µ1, ..., µk; ǫ) where the measures
µ1, ..., µk ∈M
c
1(X).
Based on Remark 3.11, we can obtain the following result. The proof is left for
the reader because we do not use this result in the paper.
Proposition 3.12. Let τ̂ be the topology on F̂(X,G) defined as in Remark 3.11 by
atomless measures from M c1(X). Then, for f̂n and f̂ from F̂ ,
f̂n
τ̂
−→ f̂
if and only (f̂n) converges to f̂ uniformly.
4. Density of coboundries for hyperfinite Borel actions
In this section we prove following result.
Theorem 4.1. Let Γ ⊂ Aut(X,B) be a hyperfinite Borel automorphism group.
Then B1(Γ×X,G) is dense in Z1(Γ×X,G) with respect to the topology T where
G is a l.c.s.c. group.
Since Γ is hyperfinite, it is orbit equivalent to a Borel Z-action. By Corollary
3.9, the first cohomology group is an invariant of orbit equivalence. Hence, without
loss of generality, it suffices to prove the statement for a single Borel automorphism
T ∈ Aut(X,B). To prove the theorem, we will use the Kakutani tower construction
for an aperiodic Borel automorphism which gives the possibility to use periodic au-
tomorphisms to approximate T . This construction is described in [Nad13, Chapter
7] and [BDK06]. We include it here for convenience of the reader.
Recall that a Borel set A ⊂ X is called a complete section (or simply a T -section)
for an automorphism T ∈ Aut(X,B) if every T -orbit meets A at least once. If there
exists a complete Borel section A such that Ameets every T -orbit exactly once, then
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T is called smooth. In this case, X =
⋃
i∈Z T
iA and all the sets T iA are disjoint. A
measurable set W is said to be wandering with respect to T ∈ Aut(X,B) if the sets
T nW, n ∈ Z, are pairwise disjoint. The σ-ideal generated by all T -wandering sets
in B is denoted by W(T ). By Poincaré recurrence lemma, one can state that given
T ∈ Aut(X,B) and A ∈ B there exists N ∈ W(T ) such that for each x ∈ A \N the
points T nx return to A for infinitely many positive n and also for infinitely many
negative n. The points from the set A \N are called recurrent.
Remark 4.2. Assume that all points from a given set A are recurrent for a Borel
automorphism T . Then for x ∈ A, let n(x) = nA(x) be the smallest positive integer
such that T n(x)x ∈ A and T ix /∈ A, 0 < i < n(x). Let Ck = {x ∈ A | nA(x) =
k}, k ∈ N, then T kCk ⊂ A and {T
iCk | i = 0, ..., k − 1} are pairwise disjoint. Note
that some Ck’s may be empty. Since T
nx ∈ A for infinitely many positive and
negative n, we obtain ⋃
n≥0
T nA =
⋃
n∈Z
T nA = X
and
X =
⋃
n≥0
T nA =
∞⋃
k=1
k−1⋃
i=0
T iCk.
This union decomposes X into T -towers ξk = {T
iCk | i = 0, ..., k − 1}, k ∈ N,
where Ck is the base and T
k−1Ck is the top of ξk. Depending on T , the set of these
towers {ξk} can be, in general, countable.
Lemma 4.3. Let T ∈ Aut(X,B) be an aperiodic Borel automorphism of a standard
Borel space (X,B). Then there exists a sequence (An) of Borel sets such that
(i) X = A0 ⊃ A1 ⊃ A2 ⊃ · · · ,
(ii)
⋂
nAn = ∅,
(iii) An and X \An are complete T -sections, n ∈ N,
(iv) every point in An is recurrent, n ∈ N.
Proof. See [BK96, Lemma 4.5.3] where (i) - (iii) have been proved in more general
settings of countable Borel equivalence relations. It is shown in [Nad13, Chapter 7]
that one can refine the choice of (An) to get (iv). 
Definition 4.4. A sequence of Borel sets satisfying conditions (i) - (vi) of Lemma
4.3 is called a vanishing sequence of markers.
Proposition 4.5. Let T ∈ Aut(X,B) be an aperiodic Borel automorphism of a
standard Borel space (X,B). Then there exists a sequence of periodic automor-
phisms (Pn) of (X,B) converging to T in uniform topology (see Definition 2.10).
Moreover, the periodic automorphisms Pn can all be taken from [T ].
Proof. This propositions was proved in [BDK06, section 2]. We give the proof here
as it will be used in Lemma 4.6.
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If T is a smooth automorphism, then the proof is obvious. Let (An) be a vanishing
sequence of markers for T . Then, as we have seen above, An generates a decompo-
sition of X into T -towers ξk(n) = {T
iCk(n) | i = 0, ..., k − 1} and
⋃
k Ck(n) = An.
Define
Pnx =


Tx, if x /∈ Bn =
⋃∞
k=1 T
k−1Ck(n)
T−k+1x, if x ∈ T k−1Ck(n), for some k
(4.1)
Then Pn belongs to [T ], and the period of Pn on ξk(n) is k. Note that Pn equals T
everywhere on X except the set Bn which is the union of the tops of the towers.
It follows from Lemma 4.3 that (An) is a decreasing sequence of Borel subsets
such that
⋂
nAn = ∅. This means that for any x ∈ X there exists n(x) such that
x /∈ An, n ≥ n(x). Moreover, if for some x ∈ X, Pnx = Tx, then Pn+kx = Tx for
all k. These facts prove that, for every x, the sequence (Pnx) is eventually stabilized
and it is and equal to Tx. Hence, Pn converges to T in the topology τ .

The following result is a folklore in the theory of dynamical systems. We include
it here for convenience of the reader.
Lemma 4.6. Let P be a periodic automorphism of a standard Borel space (X,B).
Then any cocycle of P is a coboundary.
Proof. Let a ∈ Z1(P × X,G), be a cocycle for P taking value in l.c.s.c. abelian
group G with identity 0. Denote by Ck the base of P -tower ξk where P has period
k. Then X is the disjoint union of ξk. We define a Borel function f : X → G by
setting f(x) = fk(x), x ∈ ξk, k ∈ N, where
fk(x) =


a(P j , P−jx), if x ∈ P jCk, for 1 ≤ j ≤ k − 1
0, if x ∈ Ck
It suffices to check that a is a coboundary on every tower ξk. For every x ∈ X, there
exist k and j ∈ {0, ..., k − 1} such that x ∈ P jCk. Let n ∈ N, then P
nx ∈ PmCk
where n = m− j + ik. Therefore, we have
fk(P
nx)− fk(x) = a(P
m, P−jx)− a(P j , P−jx).
Since, 0 = a(P jP−j , x) = a(P j , P−jx) + a(P−j , x), we obtain
fk(P
nx)− fk(x) = a(P
m, P−jx) + a(P−j , x) = a(PmP−j , x) = a(Pn, x).
Hence, a is a coboundary. 
Let T ∈ Aut(X,B) and f be a Borel function on X. By a(f) we denote the
cocycle generated by f :
a(f)(j, x) =


f(x) + f(Tx) + ...+ f(T j−1x), j ≥ 1
0, j = 0
−f(T−1x)− f(T−2x)− ...− f(T jx), j ≤ −1
(4.2)
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Lemma 4.7. Suppose a sequence of Borel functions (fi) converges to f in the
topology T . Then the sequence of cocycles a(fi) converges to a(f), i.e., for every
j ∈ Z,
a(fi)(j, x)
T
−→ a(f)(j, x), i→∞.
Proof. To prove the lemma, we need to show that for any positive ǫ and δ and for
any finite set of Borel probability measures µ1, ..., µn there exists N ∈ N such that
µl({x : |ai(j, x) − a(j, x)| > ǫ}) < δ, l = 1, ..., n. (4.3)
Fix a natural number j (the case of negative j is considered similarly). Take a
finite set of Borel probability measures µ1, ..., µn. Define {ν1, ..., νs} = {µi ◦ T
k :
i = 1, ..., n, k = 0, 1, ..., j − 1} (here s = ij). It follows from the condition of the
lemma that for any positive ǫ1 and δ1 there exists N = N(ǫ1, δ1) ∈ N such that for
all i > N
νl({x : |fi − f | > ǫ1}) < δ1, l = 1, ..., s. (4.4)
For convenience, we introduce the following sets
Ak(i, ǫ1) = {x : |fi ◦ T
k − f ◦ T k| > ǫ1}, k = 0, ..., j − 1,
and
C(i, ǫ) = {x : |ai(j, x) − a(j, x)| > ǫ}.
Denote
S(i, ǫ) = {x :
j−1∑
k=0
|fi(T
kx)− f(T kx)| > ǫ.
Since
|ai(j, x) − a(j, x)| ≤
j−1∑
k=0
|fi(T
kx)− f(T kx)|,
we see that C(i, ǫ) ⊂ S(i, ǫ). Take ǫ1 =
ǫ
j
and δ1 =
δ
j
; then it follows from the
above definitions that
j−1⋃
k=0
Ak
(
i,
ǫ
j
)
⊃ S(i, ǫ).
We need to prove that µl(C(i, ǫ)) < δ for all sufficiently large i and l = 1, ..., n.
Indeed, it follows from (4.4) that, for i > N(ǫ1, δ1),
µl(C(i, ǫ)) ≤ µl(S(i, ǫ))
≤
j−1∑
k=0
µl
(
Ak
(
i,
ǫ
j
))
=
j−1∑
k=0
µl ◦ T
k
(
A0
(
i,
ǫ
j
))
< j
δ
j
= δ.
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This proves the lemma. 
Proposition 4.8. Let a : Z×X → G be a cocycle of an aperiodic T ∈ Aut(X,B).
Then there exists a sequence of coboundaries (an) of T such that (an) converges to
a in the topology T (see Remark 3.4 and Definition 3.2).
Proof. It is obvious that, for any cocycle a : Z×X → G of T ∈ Aut(X,B), there is
a Borel function f such that a = a(f), i.e.,
a(j, x) =


f(x) + f(Tx) + ...+ f(T j−1x), j ≥ 1
0, j = 0
−f(T−1x)− f(T−2x)− ...− f(T jx), j ≤ −1
(4.5)
In the proof, we will use the notation introduced in this section above. By
Proposition 4.5, for every T ∈ Aut(X,B), there exists a sequence of periodic auto-
morphisms (Pi) of (X,B) converging to T in the topology τ (see Definition 2.10).
It can be easily seen that Pi and Pi+1 agree (that is Pix = Pi+1x everywhere ex-
cept on top of the T -towers ξk(i) built over Ai where (Ai) is a vanishing sequence
of markers. Let Di denote the union of the top levels of T -towers ξk(i). Since
Di ⊇ Di+1 and
⋂
iAi = ∅ , we see that
⋂
iDi = ∅. Therefore, for every x, there
exists a smallest number n(x) such that, for all i ≥ n(x), Pix are all the same and
equal to Tx.
Next, we define Kj := {x ∈ X : n(x) = j}, j ∈ N. Note that Kj ⊂ Kj+1 and⋃
j Kj = X. Fix a finite set of probability measures µ1, µ2, ...µn ∈ M1(X) and take
ǫ > 0. Then there exists j ∈ N, such that µl(Kj) > 1− ǫ for l = 1, 2, ..., n.
We recall that the periodic automorphisms Pi are taken from the full group [T ]
and therefore the cocycle a ∈ Z1(Γ×X,T ) can be extended to Pi. This observation
allows us to define
fn(x) := a(Pn, x), ∀x ∈ X.
By Lemma 4.6, every cocycle of Pn is a coboundary. Hence there exists a sequence
of Borel functions gn : X → G such that fn(x) = gn(x) − gn(Pnx). Moreover,
recall that Pnx = Tx for every x ∈ Kn. As a result, for every x ∈ Kn we have
fn(x) = a(Pn, x) = a(T, x) = f(x). We further define a sequence of Borel functions
Fn : X → G as follows:
Fn(x) = gn(x)− gn(Tx), ∀x ∈ X.
By definition, the function Fn is a T -coboundary for every n.
lt remains to show that Fn
T
−→ f (see Definition 3.2). For this, we prove that
for every ǫ, δ > 0 there exists n ∈ N such that
µl({x : |Fn(x)− f(x)| > ǫ}) < δ , ∀ l = 1, 2, ..., n. (4.6)
Note that if x ∈ Kn, then fn(x)− f(x) and
|Fn(x)− f(x)| = |gn(Pnx)− gn(Tx)| = 0.
Hence
µl({x : |Fn(x)− f(x)| > ǫ}) ⊂ X \Kn, ∀ l = 1, 2, ..., n.
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For every δ > 0, we can find N such that for all n ≥ N , µl(X \ Kn) < δ for
l = 1, 2, ..., n, and then (4.6) follows.
To finish the proof, we define the sequence of T -coboundaries (an) by functions
Fn as in (4.5). It follows from Lemma 4.7 that the converges of (Fn) to the function
f in the topology T implies that an(Fn) converges to a(f) in T . It completes the
proof. 
Proof of Theorem 4.1 In light of Theorem 2.3, Proposition 4.8 implies Theorem
4.1. ✷
5. Cocycle over odometer action
The goal of this section is to describe explicitly cocycles defined by 2-odometers.
In fact, the results of this section can be used for arbitrary uniquely ergodic Borel
automorphisms since they are Borel isomorphic to a 2-odometer. We will use the
following definition of the 2-odometer.
Consider the space (X = {0, 1}N,B), where B is the Borel sigma-algebra gener-
ated by cylinder sets. Let Γ ⊂ Aut(X,B) be the group of Borel automorphisms
generated by automorphisms 〈δ1, ..., δn, ....〉 where δn acts on x = (xi) ∈ X by the
formula:
(δnx)i =
{
xi i 6= n
xi + 1 (mod 2) i = n.
(5.1)
We see that every δn is periodic, δ
2
n = 1, and any two generators δn, δk commute.
Obviously, the orbit equivalence relation EX(Γ) is hyperfinite and preserves the
product measure µ =
⊗
i µi where µi({0}) = µi({1}) = 1/2. The group Γ is orbit
equivalent to the 2-odometer acting on ({0, 1}N,B).
Cocycles over odometers have been extensively studied in ergodic theory. We
refer, in particular, to the papers [Gol69], [GS87] where the authors proved several
important results. Firstly, it was shown that every cocycle is cohomologous to a
cocycle that takes values in a countable subgroup H of G, and, secondly, cocycles
with dense range are unique in the following sense: let α and β be two cocycles
with values in G such that the skew products Γ(α) and Γ(β) are ergodic, then
there exists an automorphism R in the normalizer N [Γ] such that α and β ◦R are
cohomologous (see Introduction).
We use a similar approach to prove the first result in the setting of Borel dy-
namics. We do not know whether the second result holds. We remark that for
consistency with other parts of this paper our proof is given for an abelian group
G though the same proof works for non-abelian groups.
We reprove the following statement that was implicitly formulated in [Gol69].
Proposition 5.1. Let the group Γ = 〈δ1, ...δn, ...〉 of Borel automorphisms of
{0, 1}N be defined as in (5.1). Then for every cocycle c : Γ×X → G, there exists
a sequence of Borel functions (fn : X → G) such that
c(δn, x) =x1f1(δnx) + ...+ xn−1fn−1(δnx)
+(−1)xnfn(x)− xn−1fn−1(x)− ...− x1f1(x),
(5.2)
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where the function fn is invariant with respect to δ1, δ2, , ..., δn, n ∈ N.
Conversely, every sequence of Borel maps fn : X → G satisfying the invariance
condition as above generates a cocycle c according to (5.2).
Proof. Since the transformations δi, i ∈ N, are pairwise commuting, relation (5.2)
can be extended to all γ = δi1 · · · δik ∈ Γ. First we show that if there exist a
sequence of functions (fn) with the invariance property as described above, then
(5.2) defines a cocycle of Γ. To do this, we show that
c(δnδk, x) = c(δkδn, x) and c(δ
2
n, x) = 0, for all n, k ∈ N andx ∈ X.
In other words, we need to prove that the definition of c by (5.2) gives the same
result for two ways to compute c(δnδk, x).
By the cocycle identity, we have c(δnδk, x) = c(δn, δkx) + c(δk, x). For definite-
ness, we can assume that n > k. In what follows, we will use the obvious property
(δkx)i = xi if i 6= k and (δkx)k = xk + 1 (mod 2). Then
c(δn, δkx) =x1f1(δnδkx) + ...+ (δkx)kfk(δnδkx) + ...+ xn−1fn−1(δnδkx)
+(−1)(δkx)nfn(δkx)− xn−1fn−1(δkx)− ...− (δkxk)fk(δkx)− ...− x1f1(δkx).
Using the fact that, for each i ∈ N, the function fi is invariant with respect to
δ1, δ2, , ..., δi, we get
c(δn, δkx) =x1f1(δnδkx) + ...+ (δkx)kfk(δnx) + ...+ xn−1fn−1(δnx) + (−1)
(δkx)nfn(x)
− xn−1fn−1(x)− ...− (δkx)kfk(x)− xk−1fk−1(δkx)− ...− x1f1(δkx).
Similarly, we have by (5.2)
c(δk, x) =x1f1(δkx) + ...+ xk−1fk−1(δkx) + (−1)
xkfk(x)
− xk−1fk−1(x)− ...− x1f1(x).
After taking the sum and simplifying, we obtain that
c(δnδk, x) =x1f1(δnδkx) + ...+ (δkx)kfk(δnx) + ...+ xn−1fn−1(δnx)
+ (−1)(δkx)nfn(x)− xn−1fn−1(x)− ...− (δkx)kfk(x)
+ (−1)xkfk(x)− xk−1fk−1(x)− ...− x1f1(x).
(5.3)
Next, we represent c(δkδn, x) as c(δk, δnx) + c(δn, x) and compute noticing that
(δnx)k = xk:
c(δk, δnx) =x1f1(δkδnx) + ...+ (−1)
xkfk(δnx)
− xk−1fk−1(δnx)− ...− x1f1(δnx)
and
c(δn, x) =x1f1(δnx) + ...+ xk−1fk−1(δnx) + xkfk(δnx) + ...
+ (−1)xnfn(x)− xn−1fn−1(x)− ...
− xk+1fk+1(x)− xkfk(x)− xk−1fk−1(x)− ...− x1f1(x).
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Thus, we get
c(δk, δnx) + c(δn, x) =x1f1(δkδnx) + ...+ (−1)
xkfk(δnx) + xkfk(δnx) + ...
+ (−1)xnfn(x)− xn−1fn−1(x)− ...
− xkfk(x)− xk−1fk−1(x)− ...− x1f1(x).
(5.4)
One can easily see (by considering all possible values for xk) that the following
relations hold:
(δkx)kfk(δnx) = (−1)
(δnx)kfk(δnx) + xkfk(δnx)
and
−xkfk(x) = (δkx)kfk(x) + (−1)
xkfk(x).
Comparing (5.3) and (5.4), we conclude that c(δn, δkx) + c(δk, x) = c(δk, δnx) +
c(δnx) for all distinct integers n, k.
To see that, for every n ∈ N, the cocycle c has the property c(δ2n, x) = 0, we
observe
c(δn, δnx) + c(δn, x) =(δnx)1f1(δ
2
nx) + ...+ (−1)
(δnx)nfn(δnx)− · · ·
− (δnx)n−1fn−1(δnx)− · · · − (δnx)1f1(δnx)
+ x1f1(δnx) + ...+ (−1)
xnfn(x)− ...− x1f1(x).
Because δ2n = 1 and fn is δn-invariant, we see that
c(δ2n, x) = (−1)
(δnx)nfn(x) + (−1)
xnfn(x) = 0.
This proves that relation (5.2) defines a cocycle of the group Γ.
Conversely, if a cocycle c is given, then the functions fn are determined as follows:
set f ′n(x) = c(δn, x) for x from the cylinder set An(0, ..., 0) generated by the first
n zeros. Then f ′n is extended on X by invariance with respect to the subgroup
〈δ1, ...δn〉 to obtain the function fn. 
Let α and β be two cocycles of Γ, which are determined as in Proposition 5.1 by
sequences of Borel functions fn : X → G and fn : X → G, respectively. Define two
new sequences of functions ψn : X → G and ψn : X → G as follows:
ψn(x) = −xnfn(x)− xn−1fn−1(x)− ...− x1f1(x) (5.5)
ψn(x) = −xnfn(x)− xn−1fn−1(x)− · · · − x1f1(x) (5.6)
We denote by {Wi}
∞
i=1 a system of neighborhoods of 0 ∈ G with the following
properties:
(i) Wi is compact for every i;
(ii) Wi is symmetric for every i (i.e. Wi = −Wi);
(iii) Wi+1 +Wi+1 ⊂Wi, i ∈ N.
Proposition 5.2. Let α and β be two cocycles of the group Γ with values in a
l.c.s.c. group G. Let (fn) and (fn) be the sequences of functions determined by α
and β, respectively, according to Proposition 5.1. Assume that, for all x ∈ X and
n ∈ N,
fn(x)− fn(x) ∈Wn
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where the neighborhoods (Wn) satisfy conditions (i) - (iii). Then the cocycles α and
β are cohomologous.
Proof. Define a sequence of functions gn(x) := −ψn(x) + ψn(x), n ∈ N where ψn
and ψn are as in (5.5) and (5.6). Thus for all n, k ∈ N, we have
gn+k(x)− gn(x) = −ψn+k(x) + ψn+k(x) + ψn(x)− ψn(x).
It follows from (5.5) and (5.6) that
−ψn+k(x) = xn+kfn+k(x) + ...+ xn+1fn+1(x) + ψn(x),
and a similar formula holds for ψn+k(x). Hence,
gn+k(x)− gn(x) =xn+kfn+k(x)− xn+kfn+k(x) + ....
+ xn+1fn+1(x)− xn+1fn+1(x).
It follows from the condition of Proposition that fn+i(x) − fn+i(x) ∈ Wn+i for all
i, n ∈ N. Hence we have
xn+ifn+i(x)− xn+ifn+i(x) ∈Wn+i, ∀ i, n ∈ N
By the choice of Wi, we obtain
gn+k(x)− gn(x) ∈ Wn+k +Wn+k−1 + ....+Wn+1.
⊂ Wn+k−1 +Wn+k−1 + ....+Wn+1.
⊂ Wn+k−2 + .... +Wn+1.
· · · · · · · · · · · · · · · · · ·
⊂ Wn.
Using the Cauchy criterion, there exists a Borel function g : X → G such that, gn
converges uniformly to g on X.
Without loss of generality, we can assume that n ≥ k. Since (δnx)i = xi where
i = 1, ..., k − 1, and
−ψk−1(δk(x)) = x1f1(δkx) + ...+ xk−1f1(δkx)
ψk−1(x) = −xk−1fk−1(x) + ...+−x1f1(x),
we can compute β̂(δk, x) = gn(δkx) + β(δk, x)− gn(x) as follows:
β̂(δk, x) = −ψn(δkx) + ψn(δkx) + x1f1(δkx) + ...+ xk−1f1(δkx) + (−1)
xkfk(x)
− xk−1fk−1(x)− ...− x1f1(x)− (−ψn(x) + ψn(x))
= −ψn(δkx) + ψn(δkx)− ψk−1(δk(x)) + (−1)
xkfk(x) + ψk−1(x)
+ ψn(x)− ψn(x)
= −ψn(δkx)− xnfn(δkx)− xn−1fn−1(δkx)− ...− (δkx)kfk(δkx)
+ (−1)xkfk(x) + xnfn(x) + ...+ xkfk(x) + ψn(x).
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Since n ≥ k, the function fn is invariant with respect to δ1, ..., δk , we have
β̂(δk, x) = −ψn(δkx)− xnfn(x)− xn−1fn−1(x)− ...− (δkx)kfk(x) + (−1)
xkfk(x)
+ xkfk(x) + ...+ xnfn(x) + ψn(x).
After simplifying, we obtain that
β̂(δk, x) = −ψn(δkx)− (δkx)kfk(x) + (−1)
xkfk(x) + xkfk(x) + ψn(x).
It remains to show that
(δkx)kfk(x) + (−1)
xkfk(x) + xkfk(x) = 0. (5.7)
Indeed, if xk = 0, then xkfk(x) = 0, and (δkx)k = 1 implies that −(δkx)kfk(x) =
−fk(x). If xk = 1, then then −(δkx)kfk(x) = 0 and (−1)
xkfk(x) = −fk(x) . Thus
in both cases we get
gn(δkx) + β(δk, x)− gn(x) = −ψn(δkx) + ψn(x).
On the other hand,
−ψn(δkx) + ψn(x) = xnfn(δkx) + ..+ (δkxk)fk(δkx) + ...
+ x1f1(δkx)− xnfn(x)− ...− xkfk(x)− ...− x1f1(x).
By invariance of fn with respect to of δ1, ..., δk, we can write down the above equality
as
−ψn(δkx) + ψn(x) = xnfn(x) + ...+ (δkx)kfk(x) + xk−1fk−1(δkx) + ...
+ x1f1(δkx)− xnfn(x)− ...− xkfk(x)− ...− x1f1(x)
= −ψk−1(δkx) + (−1)
xkfk(x) + ψk−1(x)
= α(δk, x).
(5.8)
The first equality in (5.8) is due to relation (5.7), applied to the function fk, and
the second equality is, in fact, a short form of the definition of α.
Thus, we proved that, for every n ≥ k and all x ∈ X,
gn(δkx) + β(δk, x)− gn(x) = α(δk, x).
Since gn(x)→ g(x) as n→∞, we conclude that
g(δkx) + β(δk, x)− g(x) = α(δk, x).
Because the group Γ is generated by δk, k ∈ N,, we see that the cocycles α and β
are cohomologous. 
Theorem 5.3. Let Γ be a group of Borel automorphisms which is orbit equivalent
to the 2-odometer. Let α be a Γ-cocycle with values in a l.c.s.c. group G and H a
dense countable subgroup of G. Then the cocycle α : Γ×X → G is cohomologous
to a cocycle β with values the subgroup H.
Proof. Without loss of generality, we can consider cocycles of the 2-odometer. By
Proposition 5.1 the cocycle α is determined by the functions fn : X → G,n ∈ N.
Take a sequence of symmetric neighborhoods of 0 in G which satisfies the properties
(i) - (iii) (see above). Approximate each function fn(x) by a function fn(x) with
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values in H so that fn(x)−fn(x) ∈Wn for each x ∈ X, and additionally, fn(δjx) =
fn(x), for 1 ≤ j ≤ n. Clearly it can be done because the functions fn have this
property.
Hence, we satisfy the conditions of Proposition 5.2. Construct the Γ-cocycle β
which is determined by the sequence of functions fn(x), then β is cohomologous to
α. 
6. Borel version of Gottschalk-Hedlund theorem
The following is a version of the Gottschalk-Hedlund theorem for Borel automor-
phisms. Our proof is a modification of the proof of Gottschalk-Hedlund theorem
given by F. Browder [Bro58].
We will consider homeomorphisms of a Polish space. It is well known that every
Borel automorphism admits a continuous model, i.e., it is Borel isomorphic to a
homeomorphism of a Polish space, see e.g. [Kec95]. We say that a homeomorphism
T ∈ Aut(X,B) acting on a Polish space X is minimal if every T -orbit is dense in
X, i.e., for every x ∈ X, {T ix : i ∈ Z} = X. There exist Polish spaces that admit
minimal homeomorphisms (we thank [Sno19] for examoples of such spaces).
In Theorem 6.1 below, we use the following two well known facts: (i) any second-
countable locally compact Hausdorff space is homeomorphic to a Polish space in
which all bounded sets are relatively compact; (ii) a locally compact abelian topo-
logical group G is metrizable with a translation invariant metric all of whose spheres
are bounded if and only if G is second countable.
Theorem 6.1. Let (X,B) be a Polish space and T ∈ Aut(X,B) is a minimal
homeomorphism of (X,B). Let h : X → G be a bounded Borel map from X to a
l.c.s.c. abelian group G. Then, the function h is a coboundary (i.e., there exists a
bounded Borel function f : X → G such that f(Tx)− f(x) = h(x), x ∈ X), if and
only if for all x ∈ X and all j ≥ 0,
j∑
k=−j
h(T kx) is bounded in G.
Before we begin to prove Theorem 6.1, we define some maps and prove Lemmas
6.3 - 6.5. Let ψ : X×G→ G, as ψ(x, g) = g+h(x) where h(x) is the Borel map as
in the statement of Theorem 6.1. Next, we define the skew product X×G→ X×G
as π(x, g) = (Tx, ψ(x, g)) = (Tx, g + h(x)).
Denote by Orbpi(x, g) =
⋃
n∈Z{π
n(x, g)} the orbit of (x, g) under π and by
F (x, g) = Orbpi(x, g) the orbit closure in X×G. Let pX and pG denote the natural
projections from X ×G to X and G, respectively. We assume that for each point
(x, g) ∈ X ×G the set pG(F (x, g)) is contained in a compact subset of G.
Remark 6.2. We note that the condition that
j∑
k=−j
h(T kx) is bounded in G for all
x ∈ X and j ≥ 0 is equivalent to the fact that the orbit (with respect to π) of any
point (x, g) ∈ X × G has a bounded and hence a precompact image in G under
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the projection map pG of X × G into G. This in turn implies that pG(F (x, g)) is
contained in a compact subset of G.
Consider the family J of subsets F of X ×G such that
J = {F | F is nonempty closed subset of X ×G ; (x, g) ∈ F implies that
π(x, g) ∈ F ; pG(F ) is contained in a compact subset of G}.
Obviously, J is nonempty since, for any point (x0, g0) ∈ X ×G the set F (x0, g0) is
in J .
Lemma 6.3. If F ∈ J , then pX(F ) = X.
Proof. Let (x0, g0) ∈ F . Since π
n(x0, g0) ∈ F , pX(π
n(x0, g0)) ∈ pX(F ). Thus
pX(F ) contains the dense set {T
k(x0)}. Hence pX(F ) is dense in X.
Next, for F ⊂ X × G, we have F ⊂ X × pG(F ) and pG(F ) is a compact set in
G. Since the projection pX(F ) is a closed map, we obtain that pX(F ) is closed in
X. We showed that pX(F ) is dense and closed in X, hence pX(F ) = X. 
Lemma 6.4. The family of sets J has a minimal element under inclusion. Every
orbit closure F (x, g), (x, g) ∈ X ×G, contains a minimal element of J .
Proof. We use Zorn’s lemma. Consider a totally ordered (with respect to inclusion)
chain {Fα} in J . Let F0 =
⋂
α Fα. Then F0 is a closed π-invariant set and pG(F0)
is clearly contained in a compact set of G. To prove that F0 ∈ J , we show F0 6= ∅.
Let x0 ∈ X, consider Gα = Fα∩p
−1
X (x0). By Lemma 6.3, pX(Fα) = X, therefore
Gα is a nonempty closed subset for any x0 ∈ X and any α. Moreover ,Gα ⊂ x0 ×
pG(Fα). We note that x0×pG(Fα) is compact since it is mapped homeomorphically
by pG to a compact set pG(Fα). Since Gα is compact for each α, G0 =
⋂
αGα is
non-empty. Since G0 ⊂ F0 we conclude that F0 is non-empty. 
Let ξ : G → G be a homeomorphism of G such that it commutes with ψ i.e.
ψ(x, ξg) = ξψ(x, g) for all x ∈ X and g ∈ G. Let Sξ : X × G → X × G be a
homeomorphism defined by Sξ(x, g) = (x, ξg) = (x, ξg).
Lemma 6.5. Let F0 be a minimal element of J and suppose that for a fixed point
x0 ∈ X, the points (x0, g0), (x0, g1) lie in F0. Suppose further that there exists a
homeomorphism ξ of G onto itself such that it commutes with ψ and ξ(g0) = g1.
Then SξkF0 = F0.
Proof. Since ξ commutes with ψ, we get
Sξπ(x0, g0) = Sξ(Tx0, ψ(x0, g0)) = (Tx0, ξψ(x0, g0))
= (Tx0, ψ(x0, ξg0)) = π(x0, ξg0) = πSξ(x0, g0).
Thus Sξπ
n = πnSξ, i.e. Sξ(Orbpi(x0, g0)) = Orbpi(x0, ξg0). Using the fact that
Sξ is a homeomorphism we get SξF (x0, g0) = F (x0, ξg0). Since F0 is a minimal
element of J , by assumption it contains both (x0, g0) and (x0, g1) we get F0 =
F (x0, g0) = F (x0, g1). But SξF0 = SξF (x0, g0) = F (x0, ξg0) = F (x0, g1) = F0.

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Proof of Theorem 6.1. Let B(0, r) denote the ball of radius r centered at 0 ∈ G
with respect to a translation invariant metric on G. We first assume that there
exists a bounded Borel function f : X → G such that f(x) ∈ B(0,m) for some
m > 0, and h(x) = f(Tx)− f(x) for all x ∈ X. Then, it is clear that
j∑
k=−j
h(T kx) = −f(T−jx) + f(T (j+1)x) ∈ B(0, 2m).
Hence,
j∑
k=−j
h(T kx) is bounded in G for all x.
Conversely, assume that, for all x ∈ X and for all j ≥ 0,
j∑
k=−j
h(T kx) is bounded
in G. Thus, for any point (x0, g0) ∈ X ×G, the set pG(F (x0, g0)) is contained in a
compact set of G (see Remark 6.2). Therefore, we can apply Lemmas 6.3 - 6.5.
Let F0 be a minimal closed invariant set in X × G with respect to π. We will
show that, for any x0 ∈ X, F0 contains at most one point of the form (x0, g). To
see this, assume that for some x0 ∈ X, the set p
−1
X x0 ∩ F0 contains two distinct
points (x0, g0) and (x0, g1). Let k = g1 − g0; then the map ξk(g) = g + k is a
homeomorphism of G onto itself which commutes with ψ, and ξk(g0) = g1. By
Lemma 6.5, SξkF0 = F0 where Sξk(x, g) = (x, g + k). Hence, S
i
ξk
F0 = F0 for any
integer i. This contradicts the boundness of pG(F0). Thus, F0 has at most one
point (x0, g0) for arbitrary x0 ∈ X. Therefore, we can uniquely define a function
f : X → G by the condition f(x0) = g0 where (x0, g0) ∈ F0. By Lemma 6.3, the
function f is defined at every point of X. Moreover, f can also be considered as a
function on X with values in the compact set pG(F0).
Recall following result: If Y is a topological space, Z a compact space, and
s : Y → Z is a function, then the graph of s is closed if and only if s is continuous.
Since the set F0 is the graph of f and F0 is closed, we conclude that f is a con-
tinuous function. Finally, for π(x0, f(x0)) ∈ F0, we have (Tx0, f(x0)+h(x0)) ∈ F0.
Thus, by definition of f , we get f(Tx0) = f(x0) + h(x0) as needed. ✷
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